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Abstract
Multiple basic hypergeometric series associated to the unitary group U(n + 1) have been investigated
by various authors. Many different types of such series exist in the literature. From several U(n + 1) gen-
eralizations of q-Chu–Vandermonde summation theorem established by Milne [S.C. Milne, Balanced 3φ2
summation theorems for U(n) basic hypergeometric series, Adv. Math. 131 (1997) 93–187], the purpose of
this paper is to obtain several U(n + 1) generalizations of the Kalnins–Miller transformation by applying
the q-exponential operator technique.
© 2005 Elsevier Inc. All rights reserved.
Keywords: Operator identity; q-Series; Kalnins–Miller transformation; Multiple basic hypergeometric series; Multiple
q-Chu–Vandermonde summation theorem
1. Introduction
The theory of basic hypergeometric series consists of many known summation and transfor-
mation formulas [4]. These basic hypergeometric series identities frequently appear in combina-
torics and in related area such as number theory, statistics, physics, and representation theory of
Lie algebras, see Andrews [1].
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hypergeometric series associated to the unitary group U(n + 1) have been investigated by var-
ious authors. Many different types of such series exist in the literature. In [9], applying the
q-exponential operator technique to the multiple q-binomial theorem and q-Gauss summation
theorem of Milne from [7], Zhang and Liu obtained the U(n + 1) generalizations of some trans-
formation formulae and summation theorems of multiple basic hypergeometric series such as the
q-Gauss summation formula, the Jackson q-analog of the Euler transformation and the q-Chu–
Vandermonde summation.
The Kalnins–Miller transformation formula is important in the theory and application of one-
variable basic hypergeometric series. In [5], Kalnins and Miller explore the relationship between
orthogonal polynomials, group theory and q-series. Thus this transformation formula was related
to the symmetry of the weight function for the orthogonal polynomials under a parameter inter-
change. Similarly, since the U(n + 1) formulas have a clear group theoretic interpretation, we
wish to give applications of the U(n + 1) Kalnins–Miller transformation in orthogonal polyno-
mials, group theory, Selberg type integrals, etc. thereafter.
In this paper, applying the q-exponential operator technique to the multiple q-Chu–
Vandermonde summation theorems due to Milne [7], we obtain several additional U(n + 1)
generalizations of the Kalnins–Miller transformation. Here, our Kalnins–Miller multiple sums
are taken over 0 yi Ni with Ni  0 and i = 1,2, . . . , n, while in [9] these multiple sums are
over 0 y1 + · · · + yn N , with yi  0, N  0, and i = 1,2, . . . , n.
To make the paper self-contained, let us first recall some standard basic hypergeometric nota-
tions in [4]. Let q be a complex number such that 0 < |q| < 1. The q-shifted factorial is defined
by
(a;q)0 = 1, (a;q)∞ =
∞∏
k=0
(
1 − aqk) (1)
and
(a;q)n =
n−1∏
k=0
(
1 − aqk)= (a;q)∞
(aqn;q)∞ . (2)
We also adopt the following notation for multiple q-shifted factorial:
(a1, a2, . . . , am;q)n = (a1;q)n(a2;q)n . . . (am;q)n,
where n is an integer or ∞.
In this paper, we will use frequently the following equations:
(q/a;q)n = (−a)−nq(n+12 ) (q
−na;q)∞
(a;q)∞ (3)
or (
q−na;q)∞ = (−a)nq−(n+12 )(q/a;q)n(a;q)∞. (4)
The q-difference operator Dq and the q-shifted operator η are defined by
Dq
{
f (a)
}= 1
a
(
f (a) − f (aq))
and
η
{
f (a)
}= f (aq),
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follows:
T (bDq) =
∞∑
n=0
(bDq)
n
(q;q)n and E(bθ) =
∞∑
n=0
(bθ)nq(
n
2)
(q;q)n ,
where
θ = η−1Dq. (5)
Then the following operator identities are obtained.
Theorem 1.1. (Chen and Liu [2,3].) Let T (bDq) and E(bθ) are defined as above, respectively.
Then
T (bDq)
{
1
(at;q)∞
}
= 1
(at, bt;q)∞ , (6)
T (bDq)
{
1
(as, at;q)∞
}
= (abst;q)∞
(as, at, bs, bt;q)∞ , (7)
E(bθ)
{
(at;q)∞
}= (at, bt;q)∞, (8)
E(bθ)
{
(as, at;q)∞
}= (as, at, bs, bt;q)∞
(abst/q;q)∞ . (9)
In the context of this paper, convergence of multiple basic hypergeometric series is no issue
at all because they are the terminating q-series.
2. From the q-Chu–Vandermonde summation theorem to the Kalnins–Miller
transformation
One of the most important summation theorems for basic hypergeometric series is the Heine’s
q-analog of the Gauss summation theorem: If |q| < 1 and |c/ab| < 1, then
2φ1
(
a, b
c
;q, c/ab
)
= (c/a, c/b;q)∞
(c, c/ab;q)∞ . (10)
For the terminating case when a = q−n, (10) reduces to the q-Chu–Vandermonde summation
theorem:
2φ1
(
q−n, b
c
;q, cqn/b
)
= (c/b;q)n
(c;q)n . (11)
By inversion or by changing the order of summation, another version of the q-Chu–Vandermonde
summation theorem follows from (11):
2φ1
(
q−n, b
c
;q, q
)
= (c/b;q)n
(c;q)n b
n. (12)
In [6], from (12), Z.G. Liu obtained the following Kalnins and Miller’s transformation [5] by
applying the q-exponential operator technique.
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3φ2
(
q−n, bx, cdxyqn−1
cx, dx
;q, q
)
=
(
x
y
)n
(cy, dy;q)n
(cx, dx;q)n 3φ2
(
q−n, by, cdxyqn−1
cy, dy
;q, q
)
. (13)
By inversion or by changing the order of summation, from (13), another version of the Kalnins
and Miller’s transformation follows:
Theorem 2.2 (The second Kalnins and Miller’s transformation).
3φ2
(
q−n, bx, cdxyqn−1
cx, dx
;q, q/by
)
=
(
x
y
)n
(cy, dy;q)n
(cx, dx;q)n 3φ2
(
q−n, by, cdxyqn−1
cy, dy
;q, q/bx
)
. (14)
Proof. In (13), supposing q → 1
q
and applying (c;q−1)k = (−1)kckq− 12 k(k−1)( 1c ;q)k , we get
the theorem after a → 1
a
, b → 1
b
, c → 1
c
, d → 1
d
and z → 1
z
. 
Theorem 2.3 (The third Kalnins and Miller’s transformation).
3φ2
(
q−n, bx, dx
cx, bdxy
;q, cyqn
)
= (cy;q)n
(cx;q)n 3φ2
(
q−n, by, dy
cy, bdxy
;q, cxqn
)
. (15)
Proof. In the q-Chu–Vandermonde summation theorem (11), replacing (b, c) by (bx, cx) and
(by, cy), respectively, we have
n∑
k=0
(q−n, bx;q)k
(q, cx;q)k
(
cqn
b
)k
= (c/b;q)n
(cx;q)n (16)
and
n∑
k=0
(q−n, by;q)k
(q, cy;q)k
(
cqn
b
)k
= (c/b;q)n
(cy;q)n . (17)
Comparing (16) and (17), we immediately obtain
n∑
k=0
(q−n, bx;q)k
(q, cx;q)k
(
cqn
b
)k
= (cy;q)n
(cx;q)n
n∑
k=0
(q−n, by;q)k
(q, cy;q)k
(
cqn
b
)k
. (18)
Let b → 1
b
and rewrite (18) as
n∑
k=0
(q−n;q)k
(q, cx;q)k
(−cxqn)kq(k+12 )−k · (qb/y, q1−kb/x;q)∞
= (cy;q)n
(cx;q)n
n∑ (q−n;q)k
(q, cy;q)k
(−cyqn)kq(k+12 )−k · (qb/x, q1−kb/y;q)∞.k=0
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using Theorem 1.1, we complete the proof. 
By inversion or by changing the order of summation, another version of the Kalnins and
Miller’s transformation follows from (15):
Theorem 2.4 (The fourth Kalnins and Miller’s transformation).
3φ2
(
q−n, bx, dx
cx, bdxy
;q, q
)
= (cy;q)n
(cx;q)n 3φ2
(
q−n, by, dy
cy, bdxy
;q, q
)
. (19)
3. Main results
Proposition 3.1 (The U(n + 1) generalization of the q-Chu–Vandermonde summation theorem
[7, Theorem 5.10]). Let b, c and x1, . . . , xn be indeterminate, let Ni be nonnegative integers
for i = 1,2, . . . , n with n  1, suppose that none of the denominators in the following identity
vanishes. Then
{
bN1+···+Nn
n∏
i=1
(
xi
xn
c/b;q)
Ni(
xi
xn
c;q)
Ni
}
=
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
]
×
n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
n∏
i=1
[(
xi
xn
c;q
)−1
yi
]
(b;q)y1+···+ynqy1+2y2+···+nyn
}
. (20)
Proof. See [7]. 
Theorem 3.2 (The U(n + 1) generalization of the fourth Kalnins–Miller transformation). Let b,
c, x, y and x1, . . . , xn be indeterminate, let Ni be nonnegative integers for i = 1,2, . . . , n with
n 1, suppose that none of the denominators in the following identity vanishes. Then
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xi
xn
cx;q
)−1
yi
]
(bx, dx;q)y1+···+yn
(bdxy;q)y1+···+yn
qy1+2y2+···+nyn
}
=
(
x
y
)N1+···+Nn n∏
i=1
(
xi
xn
cy
)
Ni(
xi
xn
cx
)
Ni
∑
0yiNi
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
]
i=1,2,...,n
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n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
] n∏
i=1
[(
xi
xn
cy;q
)−1
yi
]
× (by, dy;q)y1+···+yn
(bdxy;q)y1+···+yn
qy1+2y2+···+nyn
}
. (21)
Proof. Replacing (b, c) by (bx, cx) and (by, cy), respectively, in Proposition 3.1, we have
{
(bx)N1+···+Nn
n∏
i=1
(
xi
xn
c/b;q)
Ni(
xi
xn
cx;q)
Ni
}
=
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
]
×
n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
] n∏
i=1
[(
xi
xn
cx;q
)−1
yi
]
(bx;q)y1+···+ynqy1+2y2+···+nyn
}
, (22)
and {
(by)N1+···+Nn
n∏
i=1
(
xi
xn
c/b;q)
Ni(
xi
xn
cy;q)
Ni
}
=
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
]
×
n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
] n∏
i=1
[(
xi
xn
cy;q
)−1
yi
]
(by;q)y1+···+ynqy1+2y2+···+nyn
}
. (23)
Comparing (22) and (23), we immediately obtain
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xi
xn
cx;q
)−1
yi
]
(bx;q)y1+···+ynqy1+2y2+···+nyn
}
=
(
x
y
)N1+···+Nn n∏
i=1
(
xi
xn
cy
)
Ni(
xi
xn
cx
)
Ni
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
]
×
n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
] n∏
i=1
[(
xi
xn
cy;q
)−1
yi
]
(by;q)y1+···+ynqy1+2y2+···+nyn
}
. (24)
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∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xi
xn
cx;q
)−1
yi
]
1
(by, bxqy1+···+yn;q)∞ q
y1+2y2+···+nyn
}
=
(
x
y
)N1+···+Nn n∏
i=1
(
xi
xn
cy
)
Ni(
xi
xn
cx
)
Ni
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
]
×
n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
] n∏
i=1
[(
xi
xn
cy;q
)−1
yi
]
× 1
(bx, byqy1+···+yn;q)∞ q
y1+2y2+···+nyn
}
. (25)
Applying the operator T (dDq) with respect to the variable b to both sides of the equation and
using Theorem 1.1, we get
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xi
xn
cx;q
)−1
yi
]
(bdxyqy1+···+yn;q)∞
(by, bxqy1+···+yn, dy, dxqy1+···+yn;q)∞ q
y1+2y2+···+nyn
}
=
(
x
y
)N1+···+Nn n∏
i=1
(
xi
xn
cy
)
Ni(
xi
xn
cx
)
Ni
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
]
×
n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
] n∏
i=1
[(
xi
xn
cy;q
)−1
yi
]
× (bdxyq
y1+···+yn;q)∞
(bx, byqy1+···+yn, dx, dyqy1+···+yn;q)∞ q
y1+2y2+···+nyn
}
. (26)
We obtain the theorem after using (2). 
Proposition 3.3 (The U(n + 1) generalization of the q-Chu–Vandermonde summation theorem
[7, Theorem 5.12]). Let b, c and x1, . . . , xn be indeterminate, let Ni be nonnegative integers
for i = 1,2, . . . , n with n  1, suppose that none of the denominators in the following identity
vanishes. Then
n∏
i=1
(
xi
xn
c/b;q)
Ni(
xi
xn
c;q)
Ni
=
∑
0yiNi
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
i=1,2,...,n
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n∏
i=1
[(
xi
xn
c;q
)−1
yi
] n∏
i=1
[(
xi
xn
)yi](cqN1+···+Nn
b
)y1+···+yn
× (b;q)y1+···+ynqy2+2y3+···+(n−1)yn−e2(y1,...,yn)
}
, (27)
where e2(y1, . . . , yn) is the second elementary symmetric function of {y1, . . . , yn}.
Proof. See [7]. 
Theorem 3.4 (The U(n + 1) generalization of the third Kalnins–Miller transformation). Let b,
c, x, y and x1, . . . , xn be indeterminate, let Ni be nonnegative integers for i = 1,2, . . . , n with
n 1, suppose that none of the denominators in the following identity vanishes. Then
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xi
xn
cx;q
)−1
yi
] n∏
i=1
[(
xi
xn
)yi](
cyqN1+···+Nn
)y1+···+yn
× (xb, xd;q)y1+···+yn
(xybd;q)y1+···+yn
qy2+2y3+···+(n−1)yn−e2(y1,...,yn)
}
=
n∏
i=1
(
xi
xn
cy
)
Ni(
xi
xn
cx
)
Ni
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xi
xn
cy;q
)−1
yi
] n∏
i=1
[(
xi
xn
)yi](
cxqN1+···+Nn
)y1+···+yn
× (yb, yd;q)y1+···+yn
(xybd;q)y1+···+yn
qy2+2y3+···+(n−1)yn−e2(y1,...,yn)
}
, (28)
where e2(y1, . . . , yn) is the second elementary symmetric function of {y1, . . . , yn}.
Proof. We replace (b, c) by (bx, cx) and (by, cy), respectively, in Proposition 3.3, comparing
these two equations to obtain
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xi
xn
cx;q
)−1
yi
] n∏
i=1
[(
xi
xn
)yi](cqN1+···+Nn
b
)y1+···+yn
× (bx;q)y1+···+ynqy2+2y3+···+(n−1)yn−e2(y1,...,yn)
}
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n∏
i=1
(
xi
xn
cy
)
Ni(
xi
xn
cx
)
Ni
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xi
xn
cy;q
)−1
yi
] n∏
i=1
[(
xi
xn
)yi](cqN1+···+Nn
b
)y1+···+yn
× (by;q)y1+···+ynqy2+2y3+···+(n−1)yn−e2(y1,...,yn)
}
. (29)
Let b → 1
b
. By applying (3), we rewrite this equation as
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xi
xn
cx;q
)−1
yi
] n∏
i=1
[(
xi
xn
)yi](−cxqN1+···+Nn)y1+···+yn
× qy2+2y3+···+(n−1)yn−e2(y1,...,yn)q(y1+···+yn+12 )−(y1+···+yn)
× (q1−(y1+···+yn)b/x, qb/y;q)∞
}
=
n∏
i=1
(
xi
xn
cy
)
Ni(
xi
xn
cx
)
Ni
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xi
xn
cy;q
)−1
yi
] n∏
i=1
[(
xi
xn
)yi](−cyqN1+···+Nn)y1+···+yn
× qy2+2y3+···+(n−1)yn−e2(y1,...,yn)q(y1+···+yn+12 )−(y1+···+yn)
× (q1−(y1+···+yn)b/y, qb/x;q)∞
}
.
Applying the operator E(dθ) with respect to the variable b to both sides of the equation, we get
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xi
xn
cx;q
)−1
yi
] n∏
i=1
[(
xi
xn
)yi](−cxqN1+···+Nn)y1+···+yn
× qy2+2y3+···+(n−1)yn−e2(y1,...,yn)q(y1+···+yn+12 )−(y1+···+yn)
× E(dθ){(q1−(y1+···+yn)b/x, qb/y;q)∞}
}
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n∏
i=1
(
xi
xn
cy
)
Ni(
xi
xn
cx
)
Ni
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xi
xn
cy;q
)−1
yi
] n∏
i=1
[(
xi
xn
)yi](−cyqN1+···+Nn)y1+···+yn
× qy2+2y3+···+(n−1)yn−e2(y1,...,yn)q(y1+···+yn+12 )−(y1+···+yn)
× E(dθ){(q1−(y1+···+yn)b/y, qb/x;q)∞}
}
. (30)
By Theorem 1.1, we have
E(dθ)
{(
q1−(y1+···+yn)b/x, qb/y;q)∞}
= (q
1−(y1+···+yn)b/x, qb/y, q1−(y1+···+yn)d/x, qd/y;q)∞
(q1−(y1+···+yn)bd/xy;q)∞
and
E(dθ)
{(
q1−(y1+···+yn)b/y, qb/x;q)∞}
= (q
1−(y1+···+yn)b/y, qb/x, q1−(y1+···+yn)d/y, qd/x;q)∞
(q1−(y1+···+yn)bd/xy;q)∞ .
Substituting these two identities into (30) and then using (4) again, we complete the proof after
taking b → 1
b
and d → 1
d
. 
Proposition 3.5 (The U(n + 1) generalization of the q-Chu–Vandermonde summation theorem
[7, Theorem 5.26]). Let b, c and x1, . . . , xn be indeterminate, let Ni be nonnegative integers
for i = 1,2, . . . , n with n  1, suppose that none of the denominators in the following identity
vanishes. Then{[
(c;q)−1N1+···+Nn
n∏
i=1
(
xi
xn
c/b;q
)
Ni
][
bN1+···+Nnqe2(N1,...,Nn)
n∏
i=1
(
xn
xi
)Ni]}
=
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xn
xi
bqy1+···+yn−yi ;q
)
yi
]
(c;q)−1y1+···+ynqy1+2y2+···+nyn
}
, (31)
where e2(N1, . . . ,Nn) is the second elementary symmetric function of {N1, . . . ,Nn}.
Proof. See [7]. 
Theorem 3.6 (The U(n + 1) generalization of the first Kalnins–Miller transformation). Let b,
c, x, y and x1, . . . , xn be indeterminate, let Ni be nonnegative integers for i = 1,2, . . . , n with
n 1, suppose that none of the denominators in the following identity vanishes. Then
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0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
qy1+2y2+···+nyn
×
n∏
i=1
[(
xn
xi
bxqy1+···+yn−yi ;q
)
yi
]
(cdxyqN1+···+Nn−1;q)y1+···+yn
(cx, dx;q)y1+···+yn
}
=
(
x
y
)N1+···+Nn (cy, dy;q)N1+···+Nn
(cx, dx;q)N1+···+Nn
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
]
×
n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
qy1+2y2+···+nyn
×
n∏
i=1
[(
xn
xi
byqy1+···+yn−yi ;q
)
yi
]
(cdxyqN1+···+Nn−1;q)y1+···+yn
(cy, dy;q)y1+···+yn
}
. (32)
Proof. Similar to the proof of Theorem 3.2. 
Proposition 3.7 (The U(n + 1) generalization of the q-Chu–Vandermonde summation theorem
[7, Theorem 5.28]). Let b, c and x1, . . . , xn be indeterminate, let Ni be nonnegative integers
for i = 1,2, . . . , n with n  1, suppose that none of the denominators in the following identity
vanishes. Then{[
(c;q)−1N1+···+Nn
n∏
i=1
(
xi
xn
c/b;q
)
Ni
]}
=
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xn
xi
bqy1+···+yn−yi ;q
)
yi
]
(c;q)−1y1+···+yn
(
cqN1+···+Nn
b
)y1+···+yn
× qy2+2y3+···+(n−1)yn−e2(y1,...,yn)
n∏
i=1
(
xi
xn
)yi}
, (33)
where e2(y1, . . . , yn) is the second elementary symmetric function of {y1, . . . , yn}.
Proof. See [7]. 
Theorem 3.8 (The U(n + 1) generalization of the second Kalnins–Miller transformation). Let
b, c, x, y and x1, . . . , xn be indeterminate, let Ni be nonnegative integers for i = 1,2, . . . , n with
n 1, suppose that none of the denominators in the following identity vanishes. Then
∑
0yiNi
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
i=1,2,...,n
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n∏
i=1
[(
xn
xi
bxqy1+···+yn−yi ;q
)
yi
]
(xycdqN1+···+Nn−1;q)y1+···+yn
(xc, xd;q)y1+···+yn
(
q
by
)y1+···+yn
× qy2+2y3+···+(n−1)yn−e2(y1,...,yn)
n∏
i=1
(
xi
xn
)yi}
=
(
x
y
)N1+···+Nn (yc, yd;q)N1+···+Nn
(xc, xd;q)N1+···+Nn
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
]
×
n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
] n∏
i=1
[(
xn
xi
byqy1+···+yn−yi ;q
)
yi
]
× (xycdq
N1+···+Nn−1;q)y1+···+yn
(yc, yd;q)y1+···+yn
(
q
bx
)y1+···+yn
× qy2+2y3+···+(n−1)yn−e2(y1,...,yn)
n∏
i=1
(
xi
xn
)yi}
, (34)
where e2(y1, . . . , yn) is the second elementary symmetric function of {y1, . . . , yn}.
Proof. Similar to the proof of Theorem 3.4. 
Proposition 3.9 (The U(n + 1) generalization of the q-Chu–Vandermonde summation theorem
[7, Theorem 5.30]). Let b, c and x1, . . . , xn be indeterminate, let Ni be nonnegative integers
for i = 1,2, . . . , n with n  1, suppose that none of the denominators in the following identity
vanishes. Then{[
(c;q)−1N1+···+Nn
n∏
i=1
(
xn
xi
(c/b)qN1+···+Nn−Ni ;q
)
Ni
]
×
[
bN1+···+Nnq−e2(N1,...,Nn)
n∏
i=1
(
xi
xn
)Ni]}
=
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xi
xn
b;q
)
yi
]
(c;q)−1y1+···+ynqy1+2y2+···+nyn
}
, (35)
where e2(N1, . . . ,Nn) is the second elementary symmetric function of {N1, . . . ,Nn}.
Proof. See [7]. 
Theorem 3.10 (The U(n + 1) generalization of the first Kalnins–Miller transformation). Let b,
c, x, y and x1, . . . , xn be indeterminate, let Ni be nonnegative integers for i = 1,2, . . . , n with
n 1, suppose that none of the denominators in the following identity vanishes. Then
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0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
] n∏
i=1
[(
xi
xn
bx;q
)
yi
]
× (cdxyq
N1+···+Nn−1;q)y1+···+yn
(cx, dx;q)y1+···+yn
qy1+2y2+···+nyn
}
=
(
x
y
)N1+···+Nn (cy, dy;q)N1+···+Nn
(cx, dx;q)N1+···+Nn
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
]
×
n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
] n∏
i=1
[(
xi
xn
by;q
)
yi
]
× (cdxyq
N1+···+Nn−1;q)y1+···+yn
(cy, dy;q)y1+···+yn
qy1+2y2+···+nyn
}
. (36)
Proof. Similar to the proof of Theorem 3.2. 
Proposition 3.11 (The U(n+ 1) generalization of the q-Chu–Vandermonde summation theorem
[7, Theorem 5.32]). Let b, c and x1, . . . , xn be indeterminate, let Ni be nonnegative integers
for i = 1,2, . . . , n with n  1, suppose that none of the denominators in the following identity
vanishes. Then{[
(c;q)−1N1+···+Nn
n∏
i=1
(
xn
xi
(c/b)qN1+···+Nn−Ni ;q
)
Ni
]}
=
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[(
xi
xn
b;q
)
yi
]
(c;q)−1y1+···+yn
(
cqN1+···+Nn
b
)y1+···+yn
× qy2+2y3+···+(n−1)yn+e2(y1,...,yn)
n∏
i=1
(
xn
xi
)yi}
, (37)
where e2(y1, . . . , yn) is the second elementary symmetric function of {y1, . . . , yn}.
Proof. See [7]. 
Theorem 3.12 (The U(n + 1) generalization of the second Kalnins–Miller transformation). Let
b, c, x, y and x1, . . . , xn be indeterminate, let Ni be nonnegative integers for i = 1,2, . . . , n with
n 1, suppose that none of the denominators in the following identity vanishes. Then
∑
0yiNi
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
i=1,2,...,n
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n∏
i=1
[(
xi
xn
bx;q
)
yi
]
(qN1+···+Nn−1xycd;q)y1+···+yn
(xc, xd;q)y1+···+yn
(
q
by
)y1+···+yn
× qy2+2y3+···+(n−1)yn+e2(y1,...,yn)
n∏
i=1
(
xn
xi
)yi}
=
(
x
y
)N1+···+Nn (yc, yd;q)N1+···+Nn
(xc, xd;q)N1+···+Nn
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
]
×
n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
] n∏
i=1
[(
xi
xn
by;q
)
yi
]
(qN1+···+Nn−1xycd;q)y1+···+yn
(yc, yd;q)y1+···+yn
×
(
q
bx
)y1+···+yn
qy2+2y3+···+(n−1)yn+e2(y1,...,yn)
n∏
i=1
(
xn
xi
)yi}
, (38)
where e2(y1, . . . , yn) is the second elementary symmetric function of {y1, . . . , yn}.
Proof. Similar to the proof of Theorem 3.4. 
Proposition 3.13 (The U(n+ 1) generalization of the q-Chu–Vandermonde summation theorem
[7, Theorem 5.34]). Let b, c and x1, . . . , xn be indeterminate, let Ni be nonnegative integers
for i = 1,2, . . . , n with n  1, suppose that none of the denominators in the following identity
vanishes. Then{
bN1+···+Nn
n∏
i=1
(
xn
xi
(c/b)qNn−Ni ;q
)
Ni
}
=
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
]
×
n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
] n∏
i=1
[( xn
xi
cqNn−Ni qy1+···+yn−yi ;q)
Ni(
xn
xi
cqNn−Ni qy1+···+yn−yi ;q)
yi
]
× (b;q)y1+···+ynqy1+2y2+···+nyn
}
. (39)
Proof. See [7]. 
Theorem 3.14 (The U(n + 1) generalization of the fourth Kalnins–Miller transformation). Let
b, c, x, y and x1, . . . , xn be indeterminate, let Ni be nonnegative integers for i = 1,2, . . . , n with
n 1, suppose that none of the denominators in the following identity vanishes. Then
∑
0yiNi
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
i=1,2,...,n
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n∏
i=1
[( xn
xi
cxqNn−Ni qy1+···+yn−yi ;q)
Ni(
xn
xi
cxqNn−Ni qy1+···+yn−yi ;q)
yi
]
(bx, dx;q)y1+···+yn
(bdxy;q)y1+···+yn
qy1+2y2+···+nyn
}
=
(
x
y
)N1+···+Nn ∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[( xn
xi
cyqNn−Ni qy1+···+yn−yi ;q)
Ni(
xn
xi
cyqNn−Ni qy1+···+yn−yi ;q)
yi
]
(by, dy;q)y1+···+yn
(bdxy;q)y1+···+yn
qy1+2y2+···+nyn
}
. (40)
Proof. Similar to the proof of Theorem 3.2. 
Proposition 3.15 (The U(n+ 1) generalization of the q-Chu–Vandermonde summation theorem
[7, Theorem 5.36]). Let b, c and x1, . . . , xn be indeterminate, let Ni be nonnegative integers
for i = 1,2, . . . , n with n  1, suppose that none of the denominators in the following identity
vanishes. Then
n∏
i=1
(
xn
xi
(c/b)qNn−Ni ;q
)
Ni
=
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
]
×
n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
] n∏
i=1
[( xn
xi
cqNn−Ni qy1+···+yn−yi ;q)
Ni(
xn
xi
cqNn−Ni qy1+···+yn−yi ;q)
yi
]
× (b;q)y1+···+yn
(
cqNn
b
)y1+···+yn
qy2+2y3+···+(n−1)yn+e2(y1,...,yn)
n∏
i=1
(
xn
xi
)yi}
, (41)
where e2(y1, . . . , yn) is the second elementary symmetric function of {y1, . . . , yn}.
Proof. See [7]. 
Theorem 3.16 (The U(n + 1) generalization of the third Kalnins–Miller transformation). Let b,
c, x, y and x1, . . . , xn be indeterminate, let Ni be nonnegative integers for i = 1,2, . . . , n with
n 1, suppose that none of the denominators in the following identity vanishes. Then
∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[( xn
xi
cxqNn−Ni qy1+···+yn−yi ;q)
Ni(
xn
xi
cxqNn−Ni qy1+···+yn−yi ;q)
yi
]
(xb, xd;q)y1+···+yn
(xybd;q)y1+···+yn
× (cyqNn)y1+···+ynqy2+2y3+···+(n−1)yn+e2(y1,...,yn) n∏(xn
xi
)yi}
i=1
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∑
0yiNi
i=1,2,...,n
{ ∏
1r<sn
[1 − xr
xs
qyr−ys
1 − xr
xs
] n∏
r,s=1
[( xr
xs
q−Ns ;q)
yr(
q xr
xs
;q)
yr
]
×
n∏
i=1
[( xn
xi
cyqNn−Ni qy1+···+yn−yi ;q)
Ni(
xn
xi
cyqNn−Ni qy1+···+yn−yi ;q)
yi
]
(yb, yd;q)y1+···+yn
(xybd;q)y1+···+yn
× (cxqNn)y1+···+ynqy2+2y3+···+(n−1)yn+e2(y1,...,yn) n∏
i=1
(
xn
xi
)yi}
, (42)
where e2(y1, . . . , yn) is the second elementary symmetric function of {y1, . . . , yn}.
Proof. Similar to the proof of Theorem 3.4. 
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